1.
Introduction. An analytic solution for the basic differential equations of exterior ballistics has never been found. These equations express the path of a projectile in a retarding medium such as air. In practice these equations are solved by a method of successive approximations for each new set of constants or initial conditions. This is a very laborious process.
The principal difficulty is the complexity of the law of air resistance. Several solutions have been found on the basis of simple retardation laws. These, however, are not the true laws of resistance encountered by a projectile, as shown by experiment. The only solution which is of any practical value to ballisticians is that found by John Bernoulli for the Newtonian law of air resistance, R -KV2. This is used in many cases where there are no accurate experimental data available.
Although resistance encountered by a projectile never behaves exactly according to Newton's law, there are many instances where the deviation from this law is "small". This is true for projectiles moving with velocities less than that of sound. In this paper a solution is obtained for the differential equations of motion of a body in a medium in which the resistance law is almost Newtonian, or quasi-Newtonian. This is done by making use of the theory of differential variations which takes into account differentials of the first order only, neglecting differentials of higher order.
In an illustrative example in the text the author works out a trajectory of a shell with an initial velocity of 300 m/s (the velocity of sound is approximately 340 m/s) and an angle of elevation of 60°, by both the new method and the standard method of successive approximations. The ranges obtained by the two methods are identical to the nearest meter, each giving a range of 4240 meters. Since the initial velocity in the illustrative problem is almost that of sound and the angle of elevation is rather large it may be expected that this method will give accurate results for all trajectories with initial velocities below sound. It should be pointed out that the variation of density with altitude is also taken into account.
The derivation of explicit expressions is confined in this paper to the Newtonian law of resistance because of its practical usefulness. However, it is apparent from subsequent discussions that the methods used are quite general, and are applicable with slight modifications to any resistance law for which a solution to the equations of motion can be obtained in finite form.
2. Resistance of a moving projectile. If a body is moving in a medium other than a vacuum, it is retarded according to some complex law which is related to the density of the medium, the size and shape of the moving body, and its velocity. An exact law which governs the amount of retardation, or deceleration has not yet been found. The motion is influenced by a number of factors which are too difficult for a complete theoretical analysis. For instance, when a projectile moving in air exceeds the velocity *Received Feb. 14, 1948. [Vol. VII, No. 3 of sound, it produces a pattern of shock waves which use up its energy and greatly reduce its velocity. Experimental curves are now available which give the retardation for several shapes of projectiles and for varying velocities. From these curves it is apparent that the velocity of sound acts as a dividing line, at which the curve invariably experiences a steep and almost discontinuous rise due to the shock waves propagated by the moving body. The subsonic region is a region of quasi-Newtonian resistance to which the methods of this paper are applicable. In this region the law of resistance governing the moving body deviates from Newton's quadratic law of resistance, R = KV2, by a "small" amount.
3. The equations of motion. For simplicity we will consider a projectile moving in a vertical plane, acted upon by the force of gravity mg (where m is the mass of the projectile) in a downward direction, and by a retardation force mR in a direction opposite to that of its motion. Let us fix a set of axes in this plane, y being the vertical axis and x the horizontal axis. The differential equations of motion may then be written in the
where E -R/V. In the general ballistic problem E is a function of y, the altitude, as well as of F, the velocity. E ig usually written equal to KG(V)H(y), where K is a constant characteristic of the projectile, G(V) is a function of the velocity alone, and H(y) is the density of the air aloft and is a function of y alone.
4. Solutions of Bernoulli and D'Alembert.1 In 1719 John Bernoulli had obtained the solution of the above set of differential equations on the simplifying assumption that R = KVn. Later, in 1744 d'Alembert integrated the same equations for the slightly more general resistance law R = a + KV*. We are particularly interested in the special case R = KV2, but since it does not present any additional difficulties we shall repeat here the derivation of the more general solution due to d'Alembert. In Cartesian coordinates dx/dt = V cos 0 and dy/dt = V sin 6, where 6 is the angle between the tangent at any point of the trajectory and the cc-axis. Equations (1) may then be written £ (F cos 0) = -(a + KV") cos 6
(2) jt (Fsin 6) = -(a + KV*) sin 9 -g. 
This equation may readily be integrated, giving an expression for F in terms of 9, V~n = cos" 9 exp £ -ng~l J a(cos 0)-1 ddJ
For the case a = 0, n = 2 and the initial conditions V = V0 and 0 = <£ we obtain [Vol. VII, No. 3 of finding corrections to a trajectory due to non-standard ballistic conditions. A set of linear differential equations was derived which had to be solved in order to obtain these corrections. This was carried out by numerical methods, in a manner similar to that used in the solution of the equations of motion.
For a given set of initial conditions
z'(0) = x'0 , y'{0) = y'o , Eqs.
(1) have a definite solution. In terms of t as independent variable, let this solution be represented by the functions
x' = <£'(£), y' -We now introduce two types of perturbations in the original equations (1): we introduce small perturbations in the normal forces acting upon the projectile, thus changing
where X and Y are the components of acceleration due to these forces, in the x and y directions, respectively; at the same time we change the initial conditions given in (14) by the addition of small increments a and /3 to the values of x[, and y'0 , respectively. The new initial conditions thus become
x'(0) = x'o + a, y'( 0) = y'0 + (3.
The solution to the new set of differential equations (16) with initial conditions (17) may be written in the form
X' = $'(0 + m, y' = where £(t) and ??(£) are small compared with <!>(<) and ^(t). Let us now make the assumption that E = R/V is a function of x' and y' but not of y; and that it may be expanded as a power series in terms £' = x' -$ and r[ = y into (1) and neglecting all differentials of higher order than the first, we obtain 
Finally, substituting (23) This set of equations may also be written in the form (21)
| -0+r +o+o The quantities E0, dG/dV etc. in the expressions for Pi , P2 , Qi , Q2 are defined for the unperturbed trajectory, which we shall assume has been solved. Consequently Eqs. (24) are a set of linear differential equations, the solution to which will give the quantities £, £', jj, r?' which represent the increments in x, x', y, y' due to a change a, ft in the initial conditions and the perturbation forces X, Y.
6. Solution of equations for perturbed initial conditions. We shall first obtain a solution to Eqs. (24) 
It is also known that the value of this determinant is given by
For the quadratic law of air resistance E -K(?(F) = KV. Equations (25) Hence,
It is apparent that D(t) is not equal to zero, except when 4> -90°. This case will be discussed separately in Sec. 12. 7. Solution of equations for perturbed forces. We are now ready to solve the set of non-homogeneous equations (24). We shall assume that the solution has the same form as (26) with the exception that Cx , C2 are now functions of t rather than constants; namely, r«) = cm om + c2(t)m, (33) ri'(t) = CSWit) + C2{t)r,l(t)- 
C2(t) = B2 + f f2(t) dt = B2 -f-F2(t)
•>0 (36) where B, , B2 are constants which may be determined from the initial conditions. Substituting these values into (33) we finally obtain a solution to Eqs. (24), m = FMm + F2{t)m + Btm + B2m, (37) v'it) = + F 2(t) v 2(t) + -Bii/{(<) + B2i)'2(t).
For normal initial conditions Bx = B2 -0, hence m = + F2m(t),
"'(«) = F.dW^t) + F2(t)v'2(t).
8. Quasi-Neutonian resistance. Equations (1) express the path of a projectile under the influence of a law of air resistance E = R/V. If the resistance is slightly perturbed, so that only differentials of the first order must be considered, while differentials of the second or higher order may be neglected, the resistance is then given by E + AE. When this expression is substituted into Eqs. (10), (11), (12), and (41) thus give the complete solution for a trajectory with quasi-Newtonian resistance. The procedure for carrying out a solution consists of several steps. First we solve Eqs. (10), (11), and (12), using a value of K that would give as closely as possible a true estimate of the resistance function. After this has been completed the function AE = E -KV is computed.
(E = KG(V)H(y) is the true resistance function, and may in practice also include the variation in density due to altitude.) Then the corrections £, £', 77, i\' due to a change AE in the resistance function are computed from Eqs. (41). The true values of t, x, x', y, y' which we shall denote by t, x, x', y, y' are then given by the relations t -t In order to test the applicability of this method to practical ballistic problems a portion of a trajectory based on the standard Army resistance function (?a was calculated by the usual method of successive approximations. The initial values were taken as follows:
Initial velocity = 300 m/sr Ballistic coefficient = 1, Angle of elevation = 60°.
The solution obtained is compared in the table below with the solution by the method proposed in this paper. There seems to be perfect agreement between the two results, as far as the computation was carried. 9. The adjoint system of equations. In many ballistic problems only the terminal conditions of the trajectory, such as the range of the projectile when it strikes the ground, are required. In that event it is not necessary to obtain the path of the complete trajectory. By solving the system of equations adjoint to (25) it is possible to obtain directly the terminal values and thus to eliminate a large percentage of the computational work. In addition to this gain the method of the adjoint system yields expressions that can be used to find the effects upon the normal trajectory due to non-standard conditions of the air, such as wind or temperature variations. There is a third advantage to the computer in this method in that the final results are given for equal intervals of 6, which is not true in the case of the formulas derived in the preceding section.
The set of equations dp ft= 0 + 0 +0 + 0 (43) is found for the variables p, p', a, a' the quantities f, ??, ?/ may then be expressed in terms of these variables. The relationship between these two sets of variables may be easily derived.
Multiplying Eqs. (25) by p, p', a, a' respectively, and adding we obtain
Substituting Eqs. (43) we obtain dfc . f d£ , dy] , r dvj dp . t dp . da . t da _l_ f v pIt + p -dt + ad~t+a df + tdi + S 1i = rx + °Y («)
Finally,
where T is the time at the terminal point of the unperturbed or Newtonian trajectory. 10. Solution of the Adjoint System. It follows immediately from the first and third of Eqs. (43) that p = constant and that a = constant. We shall denote these constants by p and a, respectively. The second and fourth equations may then be written
It may be verified that one solution of this system is
This follows from the fact that £ = <£', £' = y = if', ij' = V is a solution to Eqs.
(24), and from (46) which reduces to Jjj (pf + p'£' + «''» + ffV) =0 for X = 0, F = 0.
Transposing the terms of Eq. (50) and dividing by 3>" we obtain / Pi^' + + «i¥" -f-Ki , .
which may be used with the second equation of (49) 
The expression for p[ is given by Eq. (51) above. We shall want only the solution for the case a' -0 at t -T. Hence Eq. (54) may be written (t) = exp I" A(t) dtj J B(t) exp (^J A(<) dtj dt -J B(t) exp A(f) dtj dij. where « is the angle at the terminal point of the trajectory. 11. Range and time of flight. As is well-known, the solution derived for the adjoint system of differential equations (43) may be used to obtain the range, the total time of flight or other terminal values of the perturbed trajectory. The quantities that are of greatest interest are the range (the horizontal distance from the muzzle of the gun to the point where the projectile strikes the ground) and the time of flight.
Let us suppose that Eqs. (10), (11), and (12) have been solved for a trajectory with given initial conditions. Let T be the time of flight to the ground, and XT the range. These equations are based on the Newtonian resistance law, and the resulting trajectory is an approximation to the true trajectory. Since the true trajectory which obeys a quasi-Newtonian resistance law is not much different from the Newtonian trajectory we shall consider only differentials of the first order. In Fig. 1 , XT is the range of the Newtonian trajectory, XT■ is the range of the quasi-Newtonian trajectory, P is the location of the projectile at time T, and PO is a line normal to the rc-axis. The change in horizontal range £(T) = XT0; while XT'0 --x'(T)r](T)/y'{T). Hence XTXT• the total increment in range, is given by the quantity £(T) -x'(T)r](T)/y'(T). Likewise, the increment in time of flight, which is the time the projectile moves from P to XT. , is given by -y(T)/y'(T).
In the preceding section we have found the solution to the adjoint system of differential equations. We may now assign initial conditions to p, p', <r, <r'. Let us first assign the set of initial conditions
Substituting these in Eq. (47) In order to obtain the increment in time of flight we assign the initial conditions
These give, by substitution in (47)
which is an expression for the increment in time. The functions p' and <r' may again be obtained from Eqs. (57). It will be noted that the value of Kx is not the same for range and time of flight but must be determined from Eq. (50) before solving Eqs. (57). For the increment in range Ki is equal to zero, while for the increment in time of flight Kx = 1.
A complete trajectory with the initial conditions used for the illustrative problem in Sec. 8 was computed by the standard method and by the method of the adjoint system. The ranges obtained by the two methods were identical to the nearest meter, each giving a range of 4240 meters. The actual values obtained were 4239.8 meters and 4240.2 meters. This may be considered complete agreement since the inaccuracy due to the method of successive approximations is of the same magnitude as the discrepancy. For practical ballistic problems this is far greater accuracy than is usually desired.
12. Vertical trajectories. It was pointed out in Sec. 6 that the equations derived there for a trajectory with perturbed initial conditions do not hold for a vertical trajectory, since for such a trajectory dx/dt = 0. In this section we will derive simplified formulas for this special case. It will be of interest to note here that for the case of a vertical trajectory the solution of the equations of motion for Newtonian resistance with variation in air resistance due to an exponential law of density aloft is known. The solution may be given in terms of the function Ei(z) = f L" (e'/z)dz.
In one dimension the equation of motion iŝ 
